First and second fundamental theorems are given for polynomial invariants of an infinite class of pseudo-reflection groups (including the Weyl groups of type B n ), under the assumption that the order of the group is invertible in the base field.
Introduction
Fix natural numbers n and q, and a field K. Unless stated otherwise, throughout the paper we assume that n!q is invertible in K, and assume that K contains a primitive qth root of 1. Denote by G = G(n, q) the subgroup of GL(n, K) consisting of the monomial matrices whose non-zero entries are qth roots of 1. The order of G is n!q n , and as an abstract group, G is isomorphic to the wreath product of the cyclic group C q of order q and the symmetric group S n ; that is, G is isomorphic to a semi-direct product (C q × · · · × C q ) ⋊ S n .
Consider the natural action of G on V = K n . Since G is generated by pseudo-reflections, by the Shephard-Todd Theorem [8] (see [2] for a uniform proof in characteristic zero, and [9] for the case when char(K) is positive and co-prime to the order of G) the algebra K[V ] G of polynomial invariants is generated by algebraically independent elements. Now consider the diagonal action of G on V m = V ⊕ · · · ⊕ V , the direct sum of m copies of V . The algebra K[V m ] G is no longer a polynomial ring if m ≥ 2. In the present paper we show an argument that provides simultaneously the generators of K[V m ] G (first fundamental theorem) and the relations among these generators (second fundamental theorem).
In the special case q = 1 we have G = S n , and K[V m ] Sn is the algebra of multisymmetric functions, which received much attention in the literature (see for example the references in [4] ). In particular, we gave a very simple approach to the generators and relations of the algebra of multisymmetric functions in [4] . Here we extend our method to all the G(n, q). The main result of this paper is Theorem 3.2, providing an explicit finite presentation of K[V m ] G(n,q) in terms of generators and relations (a first and second fundamental theorem).
Note that in the special case q = 2, the group G is the Weyl group of type B n , and the generators of K[V m ] G(n,2) were determined in [7] and [6] .
An infinite presentation
Denote by x(i) j the function on V m mapping an m-tuple of vectors to the jth coordinate of the ith vector component. The coordinate ring K[V m ] is the mn-variable polynomial ring over K with generators x(i) j , i = 1, . . . , m, j = 1, . . . , n. There is a natural multigrading on
Consider the symbols x(1), . . . , x(m) as commuting variables, and denote by M(q) the set of non-empty monomials in the variables x(i) whose degree is divisible by q. In particular, M(1) is the set of all nonempty monomials in the variables x(i). Note that the multidegree of [w] is α. Since for all j = 1, . . . , n and w ∈ M(q), the term w j is invariant with respect to the normal subgroup N consisting of the diagonal matrices in G, the S n -invariant polynomial [w] is G-invariant.
Proposition 2.1 The products
Proof. These elements are linearly independent, since they were shown to be linearly independent in K[V m ] Sn in the special case q = 1, covered by Theorem 2.1 of [4] .
Moreover, one can easily see that in each multidegree α, the number of such elements with multidegree α coincides with dim
, implying that they form a basis. Indeed, an arbitrary monomial u of the variables x(i) j can be written as u = u 1 1 · · · u n n with a unique n-tuple (u 1 , . . . , u n ) of monomials in M(1) ∪ {1}. Moreover, the algebra K[V m ] N is spanned by the u with u 1 , . . . , u n ∈ M(q) ∪ {1}. The action of S n permutes these monomials, and since G is generated by N and S n , the S n -orbit sums of the N -invariant monomials of multidegree α form a basis in K[V m ] G α . Clearly, the S n -orbit of u is determined by the multiset {u 1 , . . . , u n }. Therefore the number of the S n -orbits of the N -invariant monomials with multidegree α is the number of multisets {w 1 , . . . , w r } with w i ∈ M(q), r ≤ n, such that
Associate with w ∈ M(q) a variable t(w), and consider the polynomial ring
in infinitely many variables. Denote by
the K-algebra homomorphism induced by the map t(w) → [w]. For a multiset {w 1 , . . . , w n+1 } of n + 1 monomials from M(q), we associate an element Ψ(w 1 . . . , w n+1 ) ∈ F(q) as follows. Write P n+1 for the set of partitions λ = λ 1 ∪· · ·∪λ h of the set {1, . . . , n+1} into the disjoint union of non-empty subsets λ i , and denote h(λ) = h the number of parts of the partition λ. Set
Its kernel is the ideal generated by the Ψ(w 1 , . . . , w n+1 ), where w 1 , . . . , w n+1 ∈ M(q).
Proof. (i) The surjectivity of ϕ(q) is an immediate consequence of Proposition 2.1. Moreover, the elements Ψ(w 1 , . . . , w n+1 ) belong to the kernel of ϕ(q), since they belong to the kernel of ϕ(1) by [4] , and ϕ(q) is the restriction of ϕ(1) to F(q) ⊂ F(1).
Observe that the coefficient in Ψ(w 1 , . . . , w n+1 ) of the term t(w 1 ) · · · t(w n+1 ) is (−1) n+1 , and all other terms are products of at most n variables t(u). So the relation ϕ(q)(Ψ(w 1 , . . . , w n+1 )) = 0 can be used to rewrite
as a linear combination of products of at most n invariants of the form [u] (where u ∈ M(q)). So these relations are sufficient to rewrite an arbitrary product of the generators [w] in terms of the basis given by Proposition 2.1. This obviously implies our statement about the kernel of ϕ(q).
(ii) If w ∈ M(q) and deg(w) > qn, then w can be factored as w = w 1 · · · w n+1 where w i ∈ M(q). The coefficient of the term t(w) in Ψ(w 1 , . . . , w n+1 ) is −(n!), which is invertible in K. Therefore the relation ϕ(q)(Ψ(w 1 , . . . , w n+1 )) shows that [w] can be expressed as a polynomial of invariants of strictly smaller degree. It follows that K[V m ] G(n,q) is generated by the [w], where w ∈ M(q) with deg(w) ≤ nq. This is a minimal generating system, because if deg(w) ≤ nq for some w ∈ M(q), then [w] can not be expressed by invariants of lower degree, since there is no relation among the generators whose degree is smaller than (n + 1)q by (i).
Remark 2.3 (i)
In the special case n = 1 the above theorem gives the (classically known) defining relations of the q-fold Veronese embedding of the projective space P n−1 .
(ii) As we mentioned already in Section 1, in the special case q = 1 our group is the symmetric group S n and the generators and relations of K[V m ] Sn were studied by several people. In particular, in this special case Theorem 2.2 is formulated in [1] when char(K) = 0.
(iii) In the special case q = 2 our group G(n, 2) is the Weyl group of type B n , and the ring of invariants C[V m ] G(n,2) is isomorphic to the ring of invariants of the special orthogonal group SO(2n + 1, C) acting via the adjoint representation on the commuting variety of its Lie algebra, and is also isomorphic to the ring of invariants of the symplectic group Sp(2n, C) acting on the commuting variety of its Lie algebra (see for example [6] for this connection).
An element of K[V m ] is multilinear if it is multihomogeneous with multidegree (1, . . . , 1). Define a multigrading on F by setting the multidegree of t(w) equal to the multidegree of w. The multilinear version of the above theorem is valid over an arbitrary base field over which the group G(n, q) is defined. Proof. Define the exponent of a monomial i,j x(i)
as (β 1 , . . . , β n ), where β j = m i=1 α ij (in other words, β j is the exponent of x j if we specialize all the x(i) j to x j ). Introduce a partial ordering on the set of monomials in K[V m ]: a monomial u is smaller than v if they have the same multidegree, and the exponent of u is lexicographically smaller than the exponent of v. This partial ordering is compatible with multiplication of monomials. We shall show that if β k ≥ qk for some k ∈ {1, . . . , n}, where (β 1 , . . . , β n ) is the exponent of some monomial u in K[V m ], then modulo J m (q), the monomial u can be rewritten as a linear combination of smaller monomials. We need some details from the proof of the special case q = 1 of our lemma, due to Wallach and Garsia [5] . To simplify notation when m = 1, write x j = x(1) j . Then it is shown in Lemma 3.2.1 in [5] that
where h k denotes the kth complete symmetric polynomial of the arguments. Note that (1) shows that modulo J 1 (1), the monomial x k k can be rewritten as a linear combination of smaller monomials. It follows that
Since the ideal J m (1) is multihomogeneous, all multihomogeneous components of the left hand side of (2) belong to J m (1). In particular, for all k = 1, . . . , n, there exists a linear combination f k of monomials smaller than
(At this point it is essential that k! is assumed to be invertible in K.) Now take an arbitrary k-tuple w (1) , . . . ,
, and preserves the partial ordering introduced on the set of monomials. Appplying γ to (3) we get that
where γ(f k ) is a linear combination of monomials smaller than w In the special case m = 1, the coordinate ring K[V ] is known to be a free module over K[V ] G , and the latter is a polynomial algebra in n generators having degrees q, 2q, . . . , nq. This implies a formula for the dimensions of the homogeneous components of the graded vector space K[V ]/J, called the coinvariant algebra (see for example [2] ). In particular, the highest degree non-zero homogeneous component has degree is generated as an ideal by the elements Ψ(w 1 , . . . , w n+1 ), where w 1 , . . . , w n+1 ∈ M(q), and the degree of the product w 1 · · · w n+1 is not greater than qn(n + 1) + 2n − 2.
Proof. A general result of Derksen [3] implies that the ideal of relations in a minimal presentation of K[V m ] G is generated in degree ≤ 2τ G (V m ). Therefore our statement follows from Theorem 2.2 and Lemma 3.1 by the same argument as in the proof of Theorem 4.1 in [4] , dealing with the case q = 1.
Remark 3.3
Since the Hilbert ideal of a subgroup H of G(n, q) contains the Hilbert ideal of G(n, q), we have τ H (V m ) ≤ τ G(n,q) (V m ). Thus Lemma 3.1 provides upper bounds on the degrees of the relations in a minimal presentation of K[V m ] H by the result of Derksen [3] cited above. Among subgroups of G(n, q) are other series of pseudo-reflection groups, including the Weyl groups of type D n or the dihedral groups.
